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a b s t r a c t

Proliferation of coastal observatories necessitates an objective approach to managing of observational

assets. In this article, we used our experience in the coastal observatory for the Columbia River estuary

and plume to identify and address common problems in managing of fixed observational assets, such as

salinity, temperature, and water level sensors attached to pilings and moorings. Specifically, we

addressed the following problems: assessing the quality of an existing array, adding stations to an

existing array, removing stations from an existing array, validating an array design, and targeting of an

array toward data assimilation or monitoring.

Our analysis was based on a combination of methods from oceanographic and statistical literature,

mainly on the statistical machinery of the best linear unbiased estimator. The key information required

for our analysis was the covariance structure for a field of interest, which was computed from the output

of assimilated and non-assimilated models of the Columbia River estuary and plume. The network

optimization experiments in the Columbia River estuary and plume proved to be successful, largely

withstanding the scrutiny of sensitivity and validation studies, and hence providing valuable insight

into optimization and operation of the existing observational network. Our success in the Columbia

River estuary and plume suggest that algorithms for optimal placement of sensors are reaching maturity

and are likely to play a significant role in the design of emerging ocean observatories, such as the United

State’s ocean observation initiative (OOI) and integrated ocean observing system (IOOS) observatories,

and smaller regional observatories.

& 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Integrated ocean observatories are emerging as the backbone
for future scientific exploration and science-based management of
coastal resources. As an example, the US government is embarking
on contraction of two national ocean observatories: the ocean
observation initiative (OOI) (National Research Council, 2003),
with the goal of advancing the scientific understanding of the
ocean, and the integrated ocean observing system (IOOS)
(US Commission on Ocean Policy, 2004), with the goal of
supporting scientifically informed management of the coastal
ocean. Although the design-objectives of the two observatories
are different, they both are expected to involve sensors deployed
on fixed and mobile observational platforms and, hence, are
expected to face common design challenges. One such challenge is
an optimal co-placement of fixed sensors; that is, a place-
ment that will maximize the amount of collected informa-
tion, maximize the synergy with existing observational networks,

and minimize the development and operational costs for an
observatory.

A possible strategy for the optimal sensors placement can be
found using methods from the theory of optimal experiment
design (Fedorov, 1972; Silvey, 1980; Pukelsheim, 1993)—a subfield
of formal statistics. In the past, many of these methods were
applied to design observational arrays in oceanography (Breth-
erton et al., 1976; Hackert et al., 1998; Sakov and Oke, 2008) and
meteorology (Berliner et al., 1999; Bishop et al., 2000). However,
the applications to design of coastal observatories are still few
(She et al., 2006). Recent advances in the circulation modeling of
the coastal ocean show great promise in providing information
necessary for extending the applications of optimal design
methods to design of coastal observatories. In this article, we
studied how outputs of a circulation model and a data assimila-
tion system can be used to find an optimal placement of sensors in
a coastal observatory for the Columbia River (CR) estuary and
plume.

The coastal observatory for the CR estuary and plume provides
a great example of a challenging dynamical environment, where
an increasing number of observational and modeling assets are
emerging, hence necessitating an objective approach for optimal
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placement of new and existing sensors. The recent observational
assets in the CR estuary and plume include several multi-annual
observational arrays, such as the CORIE observational arrays for the
estuary and plume (Baptista, 2006), the RISE observational arrays
(Hickey, 2004) for the CR plume, and the array of tide gages and
atmospheric buoy operated by National Atmospheric and Oceanic
Administration. Complementary to these observational assets, several
realistic models were recently developed for the CR estuary and
plume (Baptista et al., 2005; Frolov, 2007; MacCready et al., 2007).

To understand how much of the information about the
variability of the CR estuary and plume is already known from the
existing observational and modeling assets, and how much remains
to be learned by deploying new observational assets, we identified
and addressed six specific questions regarding optimal placement of
fixed observational assets in the CR estuary and plume:

(1) How informative is the existing observational networks about
the variability of salinity, temperature, and water levels in the
CR estuary and plume?

(2) How robust is the existing observational network in the CR
estuary and plume to data dropouts?

(3) Which sensors in the existing CR network collect redundant
information and, hence, can be removed from the network?

(4) Where in the CR estuary and plume should new sensors be
placed?

(5) How the CR network can be optimized for monitoring or for
data assimilation?

(6) How the proposed optimal designs of the observational
network in the CR can be validated?

Many of these questions are representative of other observa-
tories with fixed observational assets and, hence, can be extended
to optimal placement of fixed stations in the national OOI and
IOOS observatories.

We report the results of our findings in the following six
sections of this paper. We first present the background on the
observatory for the CR estuary and plume, which served as test-
bed for this study (Section 2). We then review the methodology of

optimal experiment design, specifically the statistical machinery
of the best linear unbiased estimator (BLUE) (Ripley, 1987), the
exchange-type optimization algorithm (Fedorov, 1994), and the
array modes of Bennett (Bennett, 1985, 1992). We apply our
optimal design algorithms in Section 4, where we assess the
quality of the exiting observational array in the CR and suggest
strategies for further improvement of the array. Finally, we verify
the validity of the proposed array-design methods in Section 5.
Conclusions follow in Section 6.

2. Observatory for the CR estuary and plume

The test-bed for our network optimization experiments was
CORIE—an integrated ocean observatory for the CR estuary and
plume. The CR estuary, a classic river-dominated estuary, is a
highly energetic and dynamic system that responds quickly to
changes in ocean tides, regulated river discharge, and coastal
winds. The tidal dynamic in the CR is significant (tidal amplitudes
of up to 3.6 m) and is driven by the nonlinear interaction of
astronomic tides with complicated bathymetry, non-stationary
river discharge, and coastal wind (Jay and Flinchem, 1997).
Compressed and often stratified, the estuarine circulation in the
CR is subject to extreme variations in salinity intrusion and
stratification regimes (Jay and Smith, 1990; Baptista et al., 2005).
The CR plume is a dominant hydrographic feature on the US west
coast that plays an important role in the transport of dissolved
and particulate matter for hundreds of kilometers along and
across the continental shelf (Barnes et al., 1972; Grimes and
Kingsford, 1996). The far field of the CR plume has a predominant
orientation towards north in fall and winter, and towards
southwest in spring and summer (Hickey et al., 1998). The near
field of the CR plume has a shorter response time (hours to days)
and can react quickly to changes in the local wind (Garcia-Berdeal
et al., 2002; Baptista et al., 2005; Hickey et al., 2005).

The CORIE observatory studies the dynamics of the CR estuary
using a real-time observation network (Baptista, 2006) and a
modeling system for 3D baroclinic circulation of the CR estuary
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Fig. 1. (1) The computational grid. (2 and 3) The map of observation stations in the CR plume (2) and estuary (3). The map of stations in panels 2 and 3 is overlaid over the

bathymetry. Stations risen, risec, and rises were operated by the RISE project (www.ocean.washington.edu/rise/). Station tpoin and wauna were operated by National

Oceanographic and Atmospheric Agency.
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and the adjacent ocean (Baptista et al., 2005). CORIE data and
modeling products (Baptista et al., 2005; Baptista, 2006) are used
to support the research and development of novel modeling
techniques (Zhang et al., 2004; Zhang and Baptista, 2008),
fisheries research (Bottom et al., 2005; Burla et al., 2007; Burla
et al., accepted), and the CR ecosystem management (USACE,
2001). At the time of our experiments, CORIE observatory had
three major components:

(1) A real-time observation system that included a network of
fixed stations and research cruises. Fixed stations utilized in
our experiments in Sections 4 and 5 are shown in Fig. 1. At
each station, an array of sensors measured a variable
combination of parameters, including water level, salinity,
temperature, velocity, wind temperature, and wind velocity.
Stations risen, risec, and rises in Fig. 1 were operated by the
RISE project (Hickey, 2004), and stations tpoint and wauna in
Fig. 1 were operated by National Atmospheric and Oceanic
Administration.

(2) A modeling system for simulating 3D baroclinic circulation of
the CR estuary, plume, and adjacent coastal ocean. The model
simulations used in our experiments were generated using an
Eulerian–Lagrangian model SELFE (Zhang and Baptista, 2008)
and were forced with a combination of realistic atmospheric,
ocean, and river forcings.

(3) A data assimilation system (Frolov, 2007), which was based
on a recently developed, reduced-dimension Kalman filter
(Frolov, 2007; Lu et al., 2007)—a fast, nonlinear extension to
the classical Kalman filter.

Results of recent hindcast simulations (Baptista et al., 2005;
Baptista, 2006) showed good predictive skill in both the CR
estuary and the plume, even under such challenging conditions as
high river discharge and fast-changing winds. Specifically, water
levels and salinities were represented robustly in the estuary
across spatial (from channels to tidal flats) and time (from tidal to
inter-annual) scales. In the plume, models showed reliable skill in
representing fronts and direction of the plume (as compared to
remote sensing and field data). Recent work (Frolov, 2007) on
application of data assimilation to the CR estuary and plume
showed that data assimilation was able to further improve
simulated water levels, salinity, and temperature in the CR
estuary and plume.

3. Optimal experiment design methods

In the existing oceanographic and meteorological literature,
the methods of optimal experiment design fall into two large
categories: (1) methods based on a framework of statistical
experiment design (Fedorov, 1972; Silvey, 1980; Pukelsheim, 1993)
and (2) methods based on a framework of adjoint sensitivity fields
(Langland and Rohaly, 1996; Baker and Daley, 2000). The seminal
article by Berliner (Berliner et al., 1999) reconciled the two
frameworks and identified some theoretical limitations to using
the adjoint sensitivity fields for guiding placement of adaptive
measurements. From the two methodological frameworks, we
used the framework of statistical experiment design to find
optimal placement of sensors in the CR estuary and plume, since
the statistical framework is closely aligned with the framework of
Kalman filter, the data assimilation scheme of choice in the CORIE
observatory. An additional consideration for choosing the statis-
tical framework was the ease with which it can be applied to other
computational domains and variables, and the independence of
the framework from many details of a forward model and a data
assimilation system.

To implement the framework of statistical experiment design
in the CR estuary and plume, we used the following methodolo-
gical choices and approximations:

� To evaluate how the location of a potential measurement
contributed to reducing the uncertainty about the field of
interest (e.g. salinity or errors in salinity), we employed the
statistical machinery of the BLUE estimator (Ripley, 1987).
� To characterize the covariance structure for the field of

interest, required by the BLUE estimator, we used a realistic,
stationary, low-rank approximation to the covariance of state
and error fields. The state covariance was computed from the
output of long hindcast simulations of the CR estuary and
plume (Baptista et al., 2005; Baptista, 2006; Frolov, 2007). The
error covariance was approximated using the temporal average
of error covariance computed by the data assimilation system
for CR estuary and plume (Frolov, 2007).
� To compare alternative designs of observational arrays, we

used two different cost functions: the trace (mean square error
(MSE)) and the determinant (volume) of the posterior
covariance (Fedorov, 1994).
� To find optimal array configuration, we used several modified

versions of the exchange-type optimization algorithm (Fedor-
ov, 1994).
� To quantify the statistical redundancy of the existing observa-

tional array, we analyzed the eigen-spectrum of the observa-
tion covariance matrix, using analysis similar to the array
modes of (Bennett, 1985, 1992).

3.1. Best linear unbiased estimator

To evaluate how the location of a potential measurement
contributed to reducing the uncertainty about the field of interest
(e.g. salinity or errors in simulated salinity), we employed the
statistical machinery of the BLUE estimator (Ripley, 1987). The
BLUE estimator—also known as the Gauss–Markov theorem,
kriging, and the objective analysis method—was introduced as
early as (Gandin, 1963) in meteorology and (Bretherton et al.,
1976) in oceanography. In the following description of the BLUE
estimator, we adopted the exposition of the method from Fedorov
(1994).

Consider a discretized random field x ¼ x(x,k) where subscript
x is the spatial index on the computational grid and k is the index
of the discrete time. An example of such field is the field of
simulated salinities or errors in simulated salinity. The statistics of
the field x is approximated using a stationary mean x̄(x) ¼
E[x(x,k)] and a stationary covariance matrix C(x,x0) ¼ cov(x(x),
x(x0)). In geosciences, we are often interested in predicting the
field values

xpðkÞ ¼ Hpxðx; kÞ (1)

at spatial locations xpAx, given sparse, noisy observations of the
field

yðkÞ ¼ Hyxðx; kÞ þ � (2)

where Hp and Hy are selection or interpolation operators for
prediction and observation points, and e�N(0,s2I) is the Gaussian
observation noise. For example, in the CR estuary, we are
interested in predicting the values of salinity inside of the estuary
xp(k), given sparse in situ measurements of salinity y(k).

The solution to this prediction (interpolation) problem in
Eq. (1) is the well-known BLUE estimator, which is defined as

xpðkÞ ¼ x̄p þ CpyC�1
yy ðyðkÞ �Hyx̄Þ (3)

Dppjy ¼ Cpp � CpyC�1
yy Cyp (4)
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where x̄ is the mean state, Cpp is the prior covariance, and Dpp|y is
the posterior covariance conditioned on observations y. The cross-
covariance Cpy and the observations covariance Cyy in (Eqs. (3) and
(4)) are defined as

Cpy ¼ HpCHT
y

Cyy ¼ ðHyCHT
y þ s

2IÞ (5)

The diagonal elements of the prior and posterior covariance
matrices Cpp(x,x) and Dpp|y(x,x) in Eq. (4) are the prior and the
posterior variance of the field xp, which characterize our
uncertainty about the field values before and after the measure-
ments are taken, e.g. the lower variance indicates a higher
certainty about the field. The off-diagonal elements of the
covariance matrices Cpp(x,x0) and Dpp|y(x,x0) indicate how strongly
the field values are correlated for any two spatial locations x and
x0. For example, the stronger the cross correlations, the fewer
measurements will be required to achieve small posterior
uncertainty Dpp|y.

Eq. (4) of the BLUE estimator shows that additional informa-
tion from observations reduces the posterior uncertainty Dpp|y, as
compared to the initial (prior) uncertainty Cpp. Eqs. (4) and (5)
also show that for linear selection operators Hy and Hp, the
posterior uncertainty Dpp|y only depends on the locations of
observation and prediction points and does not depend on the
value of the field at these locations.

The BLUE algorithm in Eqs. (3)–(5) can be easily extended to
prediction of parameters that are integrals or nonlinear functions
of the fields x(x,k), such as the volume of the CR plume or the
maximum length of the daily salinity intrusion. This extended
algorithm uses the same Eqs. (3)–(5), but defined for the
augmented vectors xa(k)

xaðkÞ ¼

h1ðxðx; kÞÞ=o1

..

.

hiðxðx; kÞÞ=oi

xðx; kÞ

2
666664

3
777775

where h1–hi are i nonlinear functions of the field x(x,k) that one
wants to predict, and o1–oi are the normalization weights that
normalize each of the functions h1–hi to have unit variance. The
field values x(x,k) remain non-normalized, as they are not part of
the prediction vector xp. In the case when it is desirable to
normalize field values x(x,k), e.g. to improve conditioning of the
covariance or when x(x,k) is a part of the prediction vector xp, one
should also not forget to normalize the observational error
variances s2 in Eq. (5).

3.2. Optimization criteria

In optimal experiment design, we are interested in selecting,
based on some criterion of optimality, the best observation
strategy from a set of all possible strategies. One such criterion
of optimality is the size of the posterior covariance Dpp|y (Eq. (4)),
i.e., the smaller posterior covariance indicates a higher certainty
about the field. However, the set of covariance matrices does not
posses a natural order; hence, a cost function J(Dpp|y) needs to be
defined in order to map a set of posterior covariance matrices to
the ordered set of real numbers. In our experiments, we used two
such cost functions: the minimum MSE and the minimum
determinant (DET) of the posterior covariance Dpp|y.

The MSE cost function, for a fixed number of predictions points
xp, can be measured with the trace of the posterior covariance
Dpp|y

JðDppjyÞ ¼ traceðDppjyÞ ¼
X

li (6)

where trace( � ) is the trace of a matrix, and li is the ith eigen-value
of the covariance matrix Dpp|y. The trace of the matrix Dpp|y is
defined as a summation of the diagonal elements of the matrix
Dpp|y, which is equivalent to the sum of the posterior variances
(posterior uncertainties) at all prediction points xp. Eq. (6) shows
that minimizing for the trace (MSE) criterion is the same as
minimizing for the average eigen-value of the matrix Dpp|y.

The DET cost function measures the determinant det( � ) of the
posterior covariance

JðDppjyÞ ¼ detðDppjyÞ ¼
Y

li (7)

where li is the ith eigen-value of the covariance matrix Dpp|y. The
DET criterion is equivalent to the product of the eigen-values,
hence minimizing for the DET criterion is equivalent to minimiz-
ing for the smallest volume of the covariance Dpp|y.

The advantage of using the MSE over the DET criterion is that
MSE is the same criterion as used by the Kalman filter and
the variational data assimilation (Bennett, 2002). The drawback of
the MSE criterion is the higher computational cost of computing
Eq. (6) than Eq. (7), since it is possible to evaluate Eq. (7) in the
usually smaller space of observations y rather than the space of
prediction points xp.

3.3. Optimization algorithm

To find the minimum of the cost function in Eqs. (6) and (7), we
defined the following optimization problem:

Yo ¼ argmin
Yo2Yf

JðDppjYo
Þ

� �
(8)

where Yf ¼ {y1,y,yn} is the set of all possible observations and
YoAYf is the set of selected optimal observations that minimizes
cost function J(Dpp|y). To search for the minimum of the
optimization problem in Eq. (8), we used several variants of the
exchange-type algorithm. The basic exchange-type algorithm, as
described in (Fedorov, 1994), iterates over the following two steps:

1. Delete step: from the set Yo of candidate stations delete
observation yo

� that contributes the least to minimizing the
optimization criteria J(Dpp|y)

y�o ¼ argmin
y�o 2Yo

JðDppjYo�y�o Þ
� �

(9)

2. Add step: from the set of all feasible observations Yf add
observation yl

+ that contributes the most to minimizing the
optimization criteria J(Dpp|y)

yþo ¼ argmin
yþo 2fYf�Yog

JðDppjYo�y�o þyþo
Þ

h i
(10)

Iteration over the delete and add steps continues until J(Dpp|y)
decreases. After each successful iteration, the active set of optimal
observations is updated as following:

Yo ¼ Yo � y�o þ yþo

We implemented the delete and the add steps in Eqs. (9) and
(10) differently for the MSE and the DET criteria. For the MSE
criteria, we implemented the optimization algorithm as a direct
search through the set of all active observations Yo (the delete
step) and through the set of all feasible observations Yf�Yo

(the add step). For the DET criteria, we used a computationally
more efficient algorithm (Fedorov, 1994) that operates in a
smaller space of observations y. Specifically, Fedorov (Fedorov,
1994) showed that the minimum of det(Dpp|y) is equivalent to
the maximum of det(Cyy). That is, the minimum volume of Dpp|y

(the posterior uncertainty) is achieved at the maximum volume of
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Cyy (the observation covariance). Computing det(Cyy) is usually
computationally more efficient than computing det(Dpp|y).

The modified algorithm for the DET cost function uses the
following delete and add steps to find a minimum of J ¼

det(Dpp|y):

Delete : y�o ¼ argmax
y�o 2Yo

c�1
yy

h i
(11)

Add : yþo ¼ argmin
yþo 2fYf�Yog

c�1
yy

h i
(12)

where cyy
�1 are the diagonal elements of matrix Cyy

�1, and yo
� and

yo
+ are the observations that correspond to the largest (yo

�) and
the smallest (yo

+) value in the vector cyy
�1.

Although the exchange-type algorithm (Eqs. (9) and (10)) is
guaranteed to converge to a fixed point, this fixed point is not
guaranteed to be the global minimum of the optimization
problem (Eq. (8)) (Fedorov, 1994). To avoid convergence to a
suboptimal local minimum, we restarted the optimization algo-
rithm using multiple random configurations of the initial
observation network. Alternatively, we often reduced the ex-
change-type algorithm to the pure add- or delete-algorithm, both
of which have a unique, but suboptimal minimum. In Section 5.1,
we compare the optimization results using all three modifications
of the exchange algorithm.

3.4. Choices of the prior covariance

To define our prior knowledge about the field of interest, we
used two distinct choices of the prior covariance (C): the state and
the error covariance. The state covariance characterizes the
uncertainty about the current state of the system with respect
to the mean state. The error covariance characterizes the
uncertainty about the accuracy of the model prediction. The
observation locations optimized using the state covariance are
optimal for reconstructing the state of the system using model-
derived EOFs, that is, for monitoring of the system state. The
observation locations that are optimized using the error covar-
iance are optimal for reconstructing the error field of the model,
that is, for improving the model simulation through a data
assimilation procedure.

To characterize the covariance structure for the state variables,
such as salinity and temperature in the CR estuary, we used an
empirical covariance

Cstate
¼ E½ðx� x̄Þðx� x̄ÞT � (13)

where the samples of states x were approximated by model states
extracted from a long hindcast database. The primary choice for
computing the state covariance matrix Cstate was the CORIE
hindcast database DB14 that included both the CR estuary and
plume and that did not use data assimilation. For sensitivity
experiments in Section 5.1, we computed the state covariance
based on two additional datasets: the non-assimilated DB16 and
the assimilated DB14. The design of DB16 was similar to DB14;
however, the numerical grid of DB16 had a higher resolution and
was restricted to the CR estuary. The data assimilation method
was described in a separate publication (Frolov, 2007).

To characterize the covariance structure of model errors, such
as errors in simulated salinity and temperature, we used a scaled
time-average of the forecast error covariance matrices

Cerror
¼ a1

n

Xn

k¼1

Pf
xxðkÞ (14)

where Pxx
f(k) is a forecast error covariance computed by the data

assimilation system described in (Frolov, 2007), n is the number of

averaged time steps, and a is the inflation factor that accounts for
a possible inconsistency between the predicted and the true size
of the forecast error covariance. The inflation factor a, which
establishes a correct balance between the model error and the
observation error in the Eq. (5), was computed using the following
formula:

a ¼ ½traceðCobserved
yy Þ � traceðRÞ�=traceðCpredicted

yy Þ

Cpredicted
yy ¼ Hy

1

n

Xn

k¼1

Pf
xxðkÞ

" #
HT

y (15)

where Cyy
observed and Cyy

predicted are the observed and the predicted
error covariance at the locations of existing observation stations,
and R ¼ s2I is the covariance of observation errors.

Since the size of the state and error covariance (Eqs. (13) and
(14)) can be quite large (�106

�106), we operated with a
factorized form of these covariance matrixes

Cpp ¼ HpCHT
p ¼ HpLSLT HT

p (16)

where Hp is the selection operator for the prediction points, L is
the matrix of leading eigen-vectors for a covariance matrix C, and
S is the diagonal matrix of the eigen-values. The eigen-spectrum S
was truncated to improve computational performance. Typically,
we retained more than �95% of the variance, with the exact
truncation value determined through a series of sensitivity studies
(not presented here). The efficient implementation of the BLUE
formulas (Eq. (3)) with the factorized covariance matrix (Eq. (16))
is detailed in Appendix 1.

3.5. Advantages and limitations of the proposed method

There are several advantages to using the optimal experiment
design method described in Sections 3.1–3.4. The method is
generic, e.g. we used it for placing salinity sensors in the CR
estuary and plume, but similar methods were also used for finding
optimal sensor-locations in many open ocean (Bretherton et al.,
1976; Hackert et al., 1998; Sakov and Oke, 2008) and meteor-
ological (Berliner et al., 1999; Bishop et al., 2000) applications. The
method is closely related to the theory of data assimilation, since
the MSE cost function (Eq. (6)) that we used in our experiments is
the same cost function as used by most sequential and variational
data assimilation algorithms (Bennett, 2002). The method does
not require development of an adjoint model. In fact, it can be
used without any model input in cases where high-resolution
observational data are available (Sakov and Oke, 2008).

The two main limitations of the method stem from the
assumption of stationary statistics and from the choice of the
optimization criteria. It is likely that the stationary (averaged in
time) covariance matrix is well-suited for optimizing fixed
observational assets, since averaging in time is likely to provide
an adequate proxy for large-scale correlations of persistent
features that can be monitored well with a fixed observational
array. However, it is also likely that the stationary covariance
matrix may not suffice for adaptive sampling of a fast-moving
feature like a plume front. In the case of adaptive measurements,
the fine-scale correlations associated with fronts are likely to be
non-stationary and will require an accurate prediction of their
structure, for example using a data assimilation system. For more
references on adaptive measurements see (Berliner et al., 1999;
Daescu and Carmichael, 2003; Ogren et al., 2004; Bertozzi et al.,
2005; Leonard et al., 2006).

The second limitation is rooted in the optimization criteria.
Both the MSE and the DET criteria optimize measurements for
state estimation; that is, for reconstruction of the field given
sparse measurements. However, the observations can be targeted
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for applications other than the state estimation, for example for
detecting extreme events or for tracking the location of a
maximum concentration. In these cases, observations optimized
using the MSE and the DET criteria may not be optimal, and using
alternative optimization criteria can be prudent (Fedorov, 1994;
Berliner et al., 1999; Chang and Tseng, 1999).

4. Design of an optimal observational array in the CR estuary and
plume

To design an optimal array for the CR estuary and plume, we
applied the optimal experiment design methods from Section 3 to
quantify how informative is the current observational array and to
identify the strategies further improvement of the array. The
evaluation of the existing array (discussed in Section 4.1)
suggested two such strategies: (1) removing redundant stations
(discussed in Section 4.2) and (2) adding new salinity sensors in
the estuary and plume (discussed in Section 4.3). In most of our
experiments, we compared the array designs based on two
choices of the covariance matrix: the state and the error
covariance, hence comparing sensor placements optimized for
monitoring of the CR estuary and plume or optimized for
improved data assimilation. The suggested array designs were
validated using data assimilation experiments, presented in
Section 5.

4.1. Evaluating the existing CORIE array

4.1.1. How representative is existing array of the state and error

variability?

To determine whether the existing array was representative of
state and error variability in the CR estuary, we used the R2

statistics computed using the following formula:

R2
¼ 100� 1�

traceðDppjyÞ

traceðCppÞ

� �
(17)

where Cpp and Dpp|y are the prior and the posterior covariance
matrixes, and trace( � ) is the trace of the matrix. The R2 statistics
measures the percentage of the prior variance (uncertainty),
explained by the observations. For example, an R2 of 0% indicates
uninformative measurements that cannot reduce the prior
uncertainty about the field of interest. An R2 of 100% indicates
highly informative measurements that can be used to reconstruct
the field of interest in its entirety, short of inaccuracies in the prior
covariance C.

The computed R2 values for the CORIE array are presented in
Fig. 2. The R2 values for the state (panel 1) and the error (panel 2)
covariances are plotted against the number of sensors retained
in the array, with sensors ordered from the most important

(first sensor) to the least important (last sensor). The order of
sensors was determined using the sensor-reduction sequences
discussed in Section 4.2. Fig. 2 shows that the salinity, tempera-
ture, and water level arrays were highly informative of the
state variability (R2 of 490%), but less informative of the error
variability in the estuary (as low as 62% for salinity errors). Fig. 2
suggests that a possible strategy for extending of the CORIE array
in the estuary is to invest in additional salinity sensors, since the
current array can explain only �62% of the salinity error variance,
but more than 80% of the temperature and water level error
variance.

4.1.2. How redundant is the existing array?

To determine whether the existing salinity array in the CR
estuary provided redundant information, we analyzed the eigen-
spectrum of the observation covariance matrix Cyy (Eq. (5)), which
was computed using actual observations for the state covariance
or model-data misfits for the error covariance. Our eigen-
spectrum analysis was similar to the array modes of Bennett
(Bennett, 1985, 1992) and relied on the analysis of the truncation
error ei:

ei ¼ 1�
Xi

k¼1

lk

,Xkmax

k¼1

lk (18)

where lk is the kth eigen-value of the observation covariance
matrix Cyy, kmax is the number of all eigen-values, and i is the
number of retained eigen-values.

The results of our experiments are presented in Fig. 3 showing
truncation error ei (Eq. (18)) for salinity (panel a), temperature
(panel b), and water level (panel c) arrays plotted against the
number of retained eigen-modes lk. From our experiments, we
found that the existing arrays were slightly redundant. For
example, from a total of 15 salinity sensors, 99% of the variance
was captured by 8 sensors for the state covariance and by 10
sensors for the error covariance. The comparison of the truncation
errors between the state and the error covariance in Fig. 3 shows
that more sensors were required for data assimilation than for
monitoring of the CR estuary, suggesting that the error covariance
had shorter correlations scales than the state covariance.

4.1.3. Can the redundancy of the existing array offset gaps in data

coverage?

The analyses presented in Figs. 2 and 3 assumed that all
sensors in the existing CORIE network were active and reporting
data. However, our experience with the operation of the CORIE
network is to the contrary, showing that some of the sensors in
the network are not reporting data at any given time, due to a
combination of biofouling, routine maintenance, and dropouts in
telemetry. To study the robustness of the existing CORIE array to
gaps in data coverage, we show in Fig. 4 how the changing
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number of available sensors in the CORIE array (panel a) affected
the ability of the array to measure the statistics of the salinity,
water level, and temperature errors in the estuary (shown using
R2 statistics in panel b). The results in Fig. 4 show that the water
level and the temperature arrays were redundant enough to
compensate for gaps in observational data. For example, the R2 for
the water level array dropped only slightly (from 93% to 90%) as
the number of water level sensors dropped from 9 to 5. In
contrast, the salinity array was not redundant enough to
compensate for gaps in observational data. For example, as the
number of sensors dropped from 12 to 6, the R2 dropped from 57%
to 30%. It is likely that this increased sensitivity of the salinity
array was due to a preferential biofouling of salinity sensors in the
lower CR estuary. For example, in July–August of 2004 only 2 out
of 10 salinity sensors located in the lower CR estuary remained
active and were not biofouled.

4.2. Optimizing operations of the CORIE array by removing

redundant sensors from the network

The analysis of the existing array, presenting in Section 4.1,
showed that the existing CORIE array was redundant, yet this
redundancy was not sufficient to offset the gaps in observational
data, suggesting an opportunity for the improvement of the CORIE
array. This opportunity is to remove redundant stations in the
CORIE array, hence freeing the limited resources of the field crew,
and allowing more frequent maintenance of the remaining

salinity sensors in the estuary. More frequent maintenance is
likely to prevent biofouling of sensors—a key contributor to the
reduced coverage of the salinity array in the summer of 2004.

To determine which salinity sensors in the CORIE array
provided redundant information, we applied the deleting proce-
dure (Eq. (9)), which sequentially removed redundant sensors
from the salinity array in the CR estuary. Table 1 presents
the order in which the salinity sensors were removed and the
corresponding R2 values for the truncated arrays. In general, the
suggested order in Table 1 was logical. For example, sensors that
were removed first, such as marsh, eliot, and cbnc3, were located
upriver and saw salt only occasionally. In contrast, sensors that
were removed last, such as sandi, dsdma, and jetta, were located in
the mouth of the CR estuary and saw large variation in salinity at
each tidal cycle.

Analysis of R2 values for the truncated arrays in Table 1
suggests that many sensors in the array were equally important.
For example, it took removing four sensors in the error-based
array (Table 1 columns IV and V) to change the value of R2 from
62% to 61%, which suggests that these four sensors had equally
small effect on the value of R2, and hence, the order in which these
sensors were removed can be easily altered. To determine
whether there was a single most important or least important
salinity sensor in the CR estuary, we conducted two additional
experiments described below.

To determine which single salinity sensor was most important,
we computed R2 (Eq. (17)) values for arrays that had only one
active salinity sensor in the CR estuary. Based on our experiments,
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shown in Table 2 columns II and III, we could not locate a single
most important salinity sensor. Instead, we found that most
salinity sensors were equally important in the CR estuary, since
each had similar value of R2. For example, there were at least
seven sensors, each of which was able to explain between 70% and
80% of the state variability. We also found that a single sensor can
explain a much higher percentage of the state variance (as much
as 79%) than the error variance (no more than 14%).

To determine which single salinity sensor was least important,
we computed the R2 (Eq. (17)) values for arrays with one of the
salinity sensors in Table 2 removed. The results of the experiment,
columns IV and V, suggest that, while the impact of an individual
sensor varied, removing a single sensor had very little impact on
the R2 of the remaining sensors. For example, removing a single
salinity sensor led to a decrease in R2 of no more than 1.1% for the
state and 4.6% for the error variance.

4.3. Extending the existing CORIE array with new sensors

To find optimal placement of new salinity sensors in the CR
estuary and plume, we reduced the exchange-type algorithm to
several sequential add-steps (Eq. (10)). We considered two
realistic scenarios: adding one salinity sensor in the CR estuary
and re-organizing the existing salinity sensors in the CR plume.
In the estuary, our optimization procedure placed the new salinity
sensor in the North Channel, leading to an improved R2 for the
salinity errors (from 62% to 69%). In the plume, the optimization
procedure placed two sensors north and one station south of
the CR mouth. The three optimally placed salinity sensor in
the CR plume were more informative (R2 of 23% for salinity errors)
than the five historical sensors; the R2 value for the historical
plume sensors risen, risec, rises, ogi01, and ogi02, shown in Fig. 1,
was 18%. The comparisons of the arrays optimized using the
error and the state covariance showed that both arrays had
similar configuration in the estuary and plume. The detailed
description of the logistical constraints and the experimental
results follow.

To characterize some of the logistical constraints that are likely
to arise in the deployment of new salinity sensors in the CR
estuary and plume, we added the following constraints to the
optimization problem (Eq. (8)). We constrained the locations of
feasible salinity sensors to areas deeper than 10 m in the plume
and deeper than 4 m in the estuary. We constrained the domain of
interest, defined by the operator Hp in Eq. (1), to the CR plume for
placing the plume sensors, and to the CR estuary for placing the
estuarine sensors. We further constrained our search by deploying
candidate sensors at the depth of the highest variability at each
horizontal location, hence reducing the three-dimensional (3D)
optimization problem to a two-dimensional (2D) one. The
experiments in this section were for May–September 2004.

4.3.1. Adding salinity sensor in the CR estuary

The results of the array-optimization in the CR estuary are
presented in Fig. 5. The configurations for both the state (panels
s.1, s.2, and s.3) and the error covariance (panels e.1, e.2, and e.3)
are presented. The top and the middle panels depict the local
uncertainty reduction R2

local (from Eq. (19) below) before (panels
s.1 and e.1) and after (panels s.2 and e.2) the new salinity sensor
was added. The bottom panels (s.3 and e.3) depict the map of the
cost function that shows the added value of placing the next
salinity sensor at one of the logistically feasible locations. The
added value was characterized by an increase in the global R2

value (Eq. (17)).
The local uncertainty reduction values R2

local on panels e.1-2 and
s.1-2 were computed for each spatial location x(i) using the
following formula:

R2
localðxÞ ¼ 100� 1�

Dppjyðx; xÞ
Cppðx; xÞ

� �
(19)

where R2
local is the local uncertainty reduction, and Cpp(x,x) and

Dpp|y(x,x) are the prior and the posterior variances at the spatial
location with the index x. In Fig. 5, the 3D fields of R2

local are
reduced to 2D maps by showing, for each horizontal location,
which percentage of total variability in the vertical water column
was explained by the existing measurements.

Results in Fig. 5 show that both the state- and the error-based
configurations agreed on placing the next salinity sensor in the CR
estuary close to the river end of the North Channel. Both optimal
locations were in the shallower water (4.9 m depth), �300 m away
from each other. The maps of the cost function in panels s.3 and
e.3 showed that most of the location in the North Channel of the
CR estuary were equally beneficial, hence provided additional
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Table 1
Suggested order in which salinity sensors may be removed from the existing CR

array.

Order State Error

Salinity sensor R2(%) Salinity sensor R2(%)

I II II IV V

all 15 sensors 94 all 15 sensors 62

1 eliot 94 marsh 62

2 marsh 94 eliot 62

3 cbnc3 94 cbnc3 62

4 mottb 93 red26 (mid.) 61

5 tansy 93 am169 (bot.) 60

6 am169 (mid.) 93 tansy 58

7 red26 (mid.) 93 am169 (mid.) 56

8 dsdma 92 mottb 53

9 am169 (top) 92 red26 (bot.) 49

10 sandi 91 sandi 45

11 red26 (bot.) 89 red26 (top) 40

12 am169 (bot.) 87 grays 34

13 grays 85 jetta 27

14 jetta 79 dsdma 14

15 red26 (top) 0 am169 (top) 0

R2 is computed after the sensor is removed from the network.

Table 2
Results of the most important and the least important salinity sensor experiment.

Salinity sensor Most important (%) Least important (%)

State Error State Error

I II III IV V

jetta 74.1 12.0 �0.7 �3.9

sandi 73.2 12.1 �1.1 �4.6

red26 (top) 78.9 11.2 �0.6 �2.2

red26 (mid) 74.4 8.7 �0.2 �0.5

red26 (bot) 72.0 7.8 �0.3 �0.7

dsdma 77.5 13.5 �0.6 �4.0

tansy 74.4 9.4 �0.2 �2.1

am169 (top) 64.3 13.7 �0.4 �3.6

am169 (mid) 58.5 8.9 �0.2 �0.7

am169 (bot) 51.3 7.8 �0.2 �0.7

mottb 15.9 6.9 �0.1 �1.7

cbnc3 25.5 8.3 �0.1 �0.4

grays 27.4 9.1 �0.5 �1.6

eliot 0.0 0.2 0.0 0.0

marsh 0.0 0.1 0.0 0.0
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information for the operational staff of the CORIE observatory.
Placing the next salinity sensor in the North Channel of the CR
estuary contributed slightly to uncertainty reduction for the state-
based array, improving R2 from 96% to 97%. However, the new
salinity sensor had a higher impact on the error-based array,
improving R2 from 62% to 69%. Although these increases in the
average R2 were modest, the local R2 in the North Channel of the
estuary increased substantially, from �50% to 480% in Fig. 5,
panel e.2.

4.3.2. Adding salinity sensors in the CR plume

The results of the array-optimization in the CR plume are
presented in Fig. 6: panels s.1–s.4 for the state covariance and
panels e.1–e.4 for the error covariance. The panels in the top row
display the prior salinity variance (panels s.1 and e.1) and the local
uncertainty reduction R2

local (panels s.2 and e.2) before any salinity
sensors were added in the CR plume. The panels below the top
row display the added value of placing new salinity sensors in the
CR plume. Panels s.3 and e.3 depict the map of the cost function
that shows the added value of placing the next salinity sensor at
one of the feasible sensor-locations in the CR plume. The added
value was characterized by the increase in the global R2 value
(Eq. (17)). Panels s.4 and e.4 show the increase in local uncertainty
reduction R2

local (Eq. (19)) after the new sensor was added in the CR
plume. Panels 3 and 4 show three consecutive iterations of the
algorithm, each sequentially adding another new salinity sensor in
the CR plume.

Comparison of the optimal designs in for the state (panels
s.1–s.4) and the error covariance (panels e.1–e.4) in Fig. 6 shows a
remarkable agreement between the designs. Both designs place

two salinity sensors north and one salinity sensor south of the CR
mouth. These configurations contrast the historic array designs in
the CR plume that favored sampling in southern and central
plume; for an example of historical array, see three RISE and two
OGI sensor on Fig. 1.2. A possible explanation for this difference is
that historic arrays were biased towards sampling of the plume’s
southern branch—the dominant orientation of the CR plume in
summer. In contrast to the historic designs, the proposed optimal
designs in Fig. 6 stress the importance of placing multiple sensors
in the northern plume in order to determine the extent of the
plume’s northern propagation.

To compare the optimality of the proposed salinity-array
designs in the CR plume with that of the historic arrays, we list the
computed R2 values (Eq. (17)) for the historic and the proposed
arrays in Table 3. Table 3 shows that the proposed arrays had
consistently higher R2 values than the historic arrays with
comparable number of moorings. For example, the error-based
array with three optimally placed moorings had higher R2 value
(24%) than the RISE array with three moorings (17%) and the
combined RISE+OGI array with five moorings (20%).

5. Verification of the proposed array designs

To verify that the suggested arrays designed in Section 4 were
optimal, we answered the following four questions about the
validity of our array-design methods:

(1) What were the theoretical limitations of our design algorithm? In
Section 3.5, we identify the limitations of our design
algorithm, which suggested that the arrays that we designed
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using the MSE criterion are likely to be optimal for data
assimilation and for monitoring the variability of the CR
estuary and plume. However, these arrays may not be optimal
for detecting occurrence of extreme events, such as an event
of unusually high salinity intrusion.

(2) Was the model, used to compute the prior statistics, representa-

tive of the physical variability in the CR estuary and plume? From
the past studies (Baptista et al., 2005; Baptista, 2006; Frolov,
2007), we know that, at the time of our experiments,
assimilated and non-assimilated models were capable of
realistically representing variability of salinity, temperature,
and water levels in the CR estuary and plume. To determine
how the differences among these models influenced the
optimal placement of sensors, we conducted a sensitivity
study described in Section 5.1, which used four different
datasets and three different lengths of the dataset.
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Table 3
Comparison of the salinity array designs in the CR plume.

Array name Number of

plume sensors

R2 (%)

State Error

Estuarine sensors 0 40 5

OGI 2 50 13

RISE 3 53 17

RISE+OGI 5 59 20

Optimal 2 2 74 19

Optimal 3 3 79 24

Optimal 5 5 84 33

Note: To make adequate comparison between the existing and the proposed

optimal arrays, we only use information from the surface salinity sensors at OGI

and RISE locations.
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(3) How sensitive was the optimal sensor placement to changes in

the optimization criteria and the optimization algorithm? To
determine the sensitivity of optimal sensor placement, we
conducted two studies in Section 5.1 that examined the
sensitivity to the choice of the optimization criteria, MSE vs.
DET, and to the choice of the optimization algorithm, full
exchange-type algorithm vs. add- and delete-only algorithms.

(4) How accurately did the BLUE estimator predict the utility of

alternative sensor placements? In Section 5.2, we present the
results of the cross-validation study, where we used data from
the existing salinity sensors to verify the predicted utility of
several alternative designs. We verified the R2 values pre-
dicted using the BLUE algorithm using a data assimilated
experiment that computed the actual value of error reduction
at the locations of the validation sensors.

5.1. Sensitivity studies

To determine whether the proposed salinity arrays in Section 4
were sensitive to changes in experimental procedures, we studied
the sensitivity of these optimal arrays to changes in the
optimization criteria, the optimization algorithm, and the length
and the type of the dataset that was used for computing of the
prior covariance. From our experiments, we found that the design
of these salinity arrays was strongly sensitive to the choice of the
optimization criteria, but was not very sensitive to the choice of
the optimization algorithm or to the choice of the dataset. To
select between the arrays designed using the MSE and the DET
criteria, we choose configurations optimized using the MSE
criterion, since the MSE is also the criterion used by data
assimilation.

5.1.1. Sensitivity to optimization criteria

To determine how the choice of the optimization criteria
influences the optimal placement of salinity sensors in the CR
estuary and plume, we reproduced sensor-placement experiments
from Section 4 using two different optimization criteria: the MSE
criterion (Eq. (6)) and the DET criterion (Eq. (7)). The reproduced
experiments added a new salinity sensor in the CR estuary (shown
in Fig. 7.1) and three new sensors in the CR plume (shown in Fig.
7.2). Sensor locations optimized using the MSE criterion, marked
with circles in Fig. 7, differed from sensor locations optimized
using the DET criterion, marked with diamonds. For example in
the plume (Fig. 7.2), the MSE criterion distributed the salinity
sensor throughout the CR plume, while the DET criterion clustered

the salinity sensors in the high-variance area, located close to the
CR mouth. We speculate, based on the limited results from Fig. 7
and on more extensive experiments not presented here, that
locations selected by the DET criteria tend to cluster in the region
of higher variance, while the MSE criteria tend to yield more
distributed observation networks.

5.1.2. Sensitivity to optimization algorithm

To determine how sensitive the optimized locations of salinity
sensors were to changes in the optimization algorithm, we
compared optimization results using the full exchange-type
algorithm (described in Section 3.3), with the results from the
modified add-only algorithm (used in Sections 4.3) and with the
delete-only algorithm (used in Section 4.2). The sensitivity
experiment compared the R2 values from 1000 random initializa-
tions of the full exchange-type algorithm (displayed as frequency
bars in Fig. 8) with the deterministic results of the modified
algorithms (marked with vertical lines in Fig. 8). To enable this
computationally expensive experiment, we considered a small
optimization problem, where the vertical locations of five salinity
sensors at station red26 were optimized to fully represent the
vertical variability of the salinity error at the location of red26.
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Experimental results in Fig. 8 show that the exchange-type
algorithm produced array designs with a range of R2 values
(from 91.5% to 92.4%), which in several occasions were somewhat
higher than the R2 values computed by the deterministic add-only
(R2
¼ 92.1%) and delete-only (R2

¼ 92.3%) algorithms. All three
optimization algorithms produced arrays with the R2 higher than
an average randomly initialized array (R2

¼ 89%). It is very likely
that some of the arrays optimized using the exchange-type
algorithm were at or close to the global optimum. These
experimental results suggest that multiple initializations of the
full exchange-type algorithm are likely to find better array
designs. However, the add-only and the delete-only algorithms
are also likely to find good approximations to the globally optimal
array design.

5.1.3. Sensitivity to the length and the type of the dataset

To determine how sensitive was the location of the next
salinity station in the CR estuary to the type of the dataset that
was used in computing of the prior covariance C, we repeated the
experiment from Section 4.3.1 using four different datasets:
assimilated DB14, non-assimilated DB14, non-assimilated DB16,
and a scaled time-average of prior error Cerror (Eq. (14)). To
determine the sensitivity to the length of the dataset, we repeated
the same experiment using the following three lengths of the
dataset: 1

2 year, 1 year, and 6 years. We found that the placement of
the salinity sensor in the CR estuary was not very sensitive to the
type or to the length of the dataset. At most, the suggested
locations for the new salinity sensors were �1.5 km apart.

5.2. Validation experiments

To determine whether the BLUE estimator accurately predicted
the utility of alternative observation strategies in the CR estuary,
we used a validation procedure that leveraged existing observa-
tions of salinity in the CR estuary. From our experiments, we
found that the BLUE estimator overpredicted the R2 values by
10–20%. However, the BLUE estimator correctly predicted the
relative importance of alternative salinity sensor placements,
suggesting that the optimal designs of salinity arrays in Section 4
were likely correct, even though the BLUE estimates of their
utility, the R2 values, were likely too optimistic. The details of the
validation strategy and the detailed analysis of the experimental
results follow.

We used the following algorithm to validate the predicted
utility of a candidate salinity array using a data assimilation
experiment:

(1) We choose a validation station with extensive historical
dataset. We used two such stations—red26 and am169—each
of which had three vertically spaced salinity sensors.

(2) We predicted, using the BLUE estimator (Eqs. (3) and (4)), how
assimilating data from the existing salinity sensors can reduce
salinity errors at the location of the validation station. The
predictions were computed for the salinity error covariance
matrix (Eq. (14)) and a two-week-long period in September of
2004. We also considered several alternative configurations of
the observational network. In each network, one of the
existing salinity sensors was removed from the assimilation.

(3) We verified the BLUE predictions of salinity error reductions,
computed in item 2 above, by assimilating salinity data from
candidate arrays using the data assimilation method de-
scribed in (Frolov, 2007).

Tables 4 and 5 show the experimental results for validation
stations red26 and am169. The alternative arrays are ranked based

on their predicted R2 values. The arrays with the lower R2 values
indicate salinity sensors with highly valuable observations, since
removing them from the assimilation reduced the data assimila-
tion accuracy at validation station significantly.

Results in Tables 4 and 5 show that the BLUE estimator
consistently overpredicted the R2 values at both validation
stations, by about 10–20%. For example, the BLUE estimator
predicted that using all sensors (last line in Tables 4 and 5) the
errors in simulated salinity will be reduced at the validation
station red26 by 79% and at am169 by 51%; however, the data
assimilation experiment showed that actual errors were reduced
only by 51% and 41%, respectively. The results in Tables 4 and 5
also show that the predicted ranking of the alternative observa-
tion strategies was largely correct, suggesting that the salinity
error covariance matrix used in the BLUE estimator captured the
correlation scales in the CR estuary well. For example, the
rankings agreed for all configurations at the validation station
red26 (Table 4) and for most configurations at the validation
station am169 (Table 5). The few candidate arrays for which the
rankings disagreed are marked in bold in Table 5.

6. Summary and conclusions

Algorithms for evaluating and optimizing a fixed network of
sensors were developed and tested. The developed algorithms
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Table 4
Predicted and actual R2 (%) values at the validation station red26.

Observation array R2

Predicted Actual

no stations 0 0

�dsdma 53 43

�tansy 68 48

�jetta 78 49

�am169 (top) 78 49

�am169 (bot) 79 49

�sandi 79 50

�cbnc3 79 50

�am169 (mid) 79 50

�eliot 79 51

all stations 79 51

Note: Minus sign ‘�’ in the first column indicates that the station was removed

from the assimilation array.

Table 5
Predicted and actual R2 (%) values at the validation station am169.

Observation array R2

Predicted Actual

no stations 0 0

�tansy 34 00

�cbnc3 44 40

�jetta 49 40

�red26 (top) 50 47
�sandi 50 42
�red26 (bot) 50 41

�dsdma 51 40
�eliot 51 41

�red26 (mid) 51 41

all stations 51 41

Note: Minus sign ‘–’ in the first column indicates that the station was removed

from the assimilation array. Bold indicates stations for which the predicted and

actual rankings disagree.
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were based on the theory of optimal experiment design, were
computationally inexpensive, and were application- and model-
independent. The developed algorithms were tested in the coastal
margin observatory for the CR estuary and plume.

In evaluating the existing observational array for the
CR estuary, we found that the existing array of salinity
sensors in the CR estuary was too sparse (capturing at most
60% of the error variability) and too prone to data dropouts
(capturing as little as 20% of error variability when salinity
sensors biofouled). We hypothesize that the following two
strategies will improve the coverage and the robustness of the
existing array:

(1) To improve the accuracy of data assimilation in the CR estuary,
we suggested placing a salinity sensor in the North Channel of
the CR estuary, leading to an improvement in the R2 value for
salinity errors from 62% to 69%;

(2) To reduce the maintenance costs for the salinity array in the
CR estuary, we suggested a strategy for reducing the existing
salinity array from 14 to 10 sensors. This strategy should free
the limited field resources, lead to improve maintenance on
remaining sensors, and reduce the negative impact of sensor
biofouling.

To improve the historical design of the observational array in
the CR plume, we suggested deploying two sensors north and
one sensor south of the CR mouth. This optimized array with
three sensors is predicted to be more informative of salinity errors
(R2 of 24%) than the historic RISE and OGI arrays with five sensors
(R2 of 20%);

In transitioning the developed array designs to operational
staff of the CR observatory, we found that the suggested optimal
observational strategies were only a part of considerations
weighted by the science managers and the field staff. Alternative
considerations included: logistical constraints, contractual obliga-
tions, and competing observational agendas—all of which would
be impossible to express as a single cost function. However, the
benefits of the proposed objective evaluation procedure were also
clear. Our objective procedure allowed scientists to prove or
disprove their intuitions and to identify, otherwise overlooked,
flaws in the design of the CORIE observatory. For example at the
time of the publication, the new station in the north channel of
the estuary was under construction and there was a plan for
decommissioning three out of �14 historical stations in the CR
estuary.

Our experience in the CR suggests that the following
findings are likely to hold in the design of other ocean
observatories:

� Popular approximate optimization algorithms (Bishop et al.,
2000; Sakov and Oke, 2008; Zhang and Bellingham, 2008),
based on sequential addition and deletion of candidate stations
to an optimized array, can yield very close approximations to
globally optimal array configurations; see Section 5.1 for more
details.
� Arrays optimized for improved accuracy of ocean DA will

require more stations than the arrays optimized for monitoring
of the ocean, as a consequence of shorter correlation
lengthscales for error fields (e.g. errors in salinity) than for
state fields (e.g. salinity); see Section 4.1 for more details.
� A preliminary analysis of an array can be performed using a

long historic simulation of the ocean circulation, without the
need to develop a complex variational- or ensemble-based
DA system; see Section 4.3 for more details. However, the

availability of such DA systems expands the capabilities and
the accuracy of the array design experiments.

Our success in the CR estuary and plume suggest that
algorithms for optimal placement of sensors are reaching
maturity and are likely to play a significant role in the design of
emerging ocean observatories, such as the national OOI and IOOS
observatories.
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Appendix 1. BLUE estimates with factorized covariance matrix

To enable a fast computation of the BLUE estimate in Eqs. (3)
and (4), we used the eigen-factorization of the prior covariance C
in Eq. (16). To efficiently compute this eigen-factorization, we
used the empirical orthogonal functions (EOF) of the forward
model, which were pre-computed from a long, statistically
representative simulation of the CR estuary and plume. The EOF
functions, described by the orthonormal operator

Q
, capture the

dominant spatial modes of the simulation and provides the time
series of the EOF coefficients

xs ¼
Y
ðx� x̄Þ (20)

which capture the temporal variability of the simulation. The
EOF operator

Q
was computed using a memory-efficient

EOF algorithm described in Frolov (2007). Following are the
computational procedures that we used to compute the
factorized covariance (Eq. (16)) and to compute the BLUE estimate
(Eq. (3)).

7.1. Computing factorized covariance

To compute the factorized state covariance matrix Cstate
¼ LSLT

for a given period of interest, we used the following three-step
procedure. In the first step, we selected the pre-computed EOF
coefficients xs (Eq. (20)) that fall inside of this period of interest. In
the second step, we computed the eigen-decomposition of their
covariance matrix

covðxsÞ�!
eig

LsSLT
s (21)

where S is the diagonal matrix of eigen-values, and Ls is the
matrix of eigen-vectors, defined in the EOF subspace

Q
.

In the third step, we reconstructed the reduced-space
eigen-vectors Ls as the full-space eigen-vectors L using the EOF
operator

Q
L ¼

Y
Ls (22)

To compute the factorized error covariance Cerror
¼ LSLT, we

used a similar three-step procedure as for computing the state
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covariance. In the first step, we used Eq. (14) to compute a time-
averaged prior covariance Cerror

EOF . Since each of the forecast error
covariance matrices Pxx

f(k) in Eq. (14) was defined in the same
low-dimensional EOF subspace, their time-average Cerror

EOF was also
defined in the same EOF subspace, characterized by the projection
operator

Q
. In the second step, we computed the eigen-

decomposition of Cerror
EOF as

Cerror
EOF �!

eig
LerrorSLT

error (23)

In the third step, we computed the eigen-vectors L of the full-
space error covariance Cerror as:

L ¼ PLerror (24)

7.2. Computing the prior variance

To compute the prior variance cpp ¼ diag(Cpp) in Eqs. (6), (17),
and (28), we used the following formula that avoided the
unnecessary computation of cross-covariance terms

cpp ¼
Xns

i¼1

ð½HpLð:; iÞ
ffiffiffiffiffiffiffiffiffiffiffi
Sði; iÞ

p
�2Þ (25)

where cpp is a vector of prior variances, L(:,i) is the ith eigen-vector,
S(i,i) is the ith eigen-value, [y]2 is the element-wise squaring-
operation, and ns is the number of retained eigen-vectors.

7.3. Computing posterior variance

To compute the posterior variance dpp ¼ diag(Dpp|y), without
computing the unnecessary cross terms, we used the following two-
step procedure. First, we computed the intermediate matrix product

A ¼ CpyC�1
yy (26)

where, from Eqs. (5) and (16), the observation covariance Cyy and
the cross-covariance Cpy are

Cpy ¼ ðHpLÞSðLT HT
y Þ

Cyy ¼ ðHyLÞSðLT HT
y Þ þ s

2I (27)

In a case some of the observations were nonlinear, we linearized
them around the mean state x̄. In the second step, we compute the
posterior variance dpp as

dpp ¼ cpp�
Xns

i¼1

ðAð:; iÞ:�Cypð:; iÞÞ (28)

where ‘.*’ is the element-wise multiplication of vectors, and (:,i)
denotes the ith column of the matrix.
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